We show that the so-called more effective effective field theory (MEEFT) is essentially equivalent to the proper nuclear effective field theory (NEFT) in describing low-energy electroweak processes in nuclei. A key to understanding their equivalence is the relation between a NEFT-based NN-potential and a phenomenological potential through the Wilsonian renormalization group equation. We also discuss an important advantage of MEEFT.
We show that the so-called more effective effective field theory (MEEFT) is essentially equivalent to the proper nuclear effective field theory (NEFT) in describing low-energy electroweak processes in nuclei. A key to understanding their equivalence is the relation between a NEFT-based NN-potential and a phenomenological potential through the Wilsonian renormalization group equation. We also discuss an important advantage of MEEFT.
In the early 1990s, the idea of an effective field theory (chiral perturbation theory) was introduced into nuclear physics. 1) In this approach to nuclear physics, to which we will refer as nuclear effective field theory (NEFT), one derives a NNpotential (V EFT ) and nuclear current operators from an effective Lagrangian following a counting rule. With these nuclear operators, one can describe low-energy phenomena in nuclear systems, such as NN -scattering and the nuclear response to an electroweak probe. * * ) Several authors have constructed V EFT 's and have shown the usefulness of NEFT in describing NN -scattering. * * * ) With regard to electroweak processes in few-nucleon systems, however, there have been few studies employing a nuclear potential and nuclear current operator both obtained from the Lagrangian. †) Instead, what has been used to this time is the so-called more effective effective field theory (MEEFT) developed by Park et al. 4) , † †) This framework has been applied to low-energy electroweak processes in few-nucleon systems, such as pp → de + ν e , 5) 3 He p → 4 He e + ν e , 5) ν e d → e − pp 6) and νd → νpn. 6) We now briefly explain the calculation of nuclear matrix elements relevant to these reactions within MEEFT. We start with an effective Lagrangian, L eff . When we consider the nucleon and pion as explicit degrees of freedom, we use a heavy-baryon chiral effective Lagrangian, as demonstrated, e.g., by Eqs. (4)-(11) of Ref. 5). Then, we derive the nuclear current operators following Weinberg's counting rule and multiply them by a cutoff function, thereby omitting the nucleonic momentum states * ) E-mail: nakkan@rcnp.osaka-u.ac.jp * * ) We consider NEFT in the form introduced by Weinberg 1) in this work. In another form of NEFT, 2) on the other hand, the nuclear potential and nuclear current operator are not explicitly derived from an effective Lagrangian. We do not discuss this form of NEFT in the present work.
* * * ) Strictly speaking, the previous NEFT-based constructions of the NN-potential are not rigorously based on the basic idea of NEFT. This is pointed out in our recent work.
3) †) There have been many studies of electroweak processes in two-nucleon systems based on a pionless effective field theory [EFT(/ π)]. In these studies, KSW-counting, 2) which is different from Weinberg's counting, was adopted.
† †) MEEFT is also referred to as EFT * in some references.
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Vol. 114, No. 3 above a certain cutoff, Λ. * ) These operators are thus defined in the model space with the cutoff Λ. However, in this calculation, we do not use a NN -potential based on L eff but, instead, a high-precision phenomenological potential, V ph . We solve the Schrödinger equation with such a V ph to obtain the nuclear wave functions. By sandwiching the nuclear operators based on L eff between the nuclear wave functions based on V ph , we obtain the nuclear matrix elements. Although this calculational procedure can be carried out in momentum space, most MEEFT calculations have been done in coordinate space. In such a case, there is the additional procedure of transforming the nuclear current operators obtained in the procedure described above into those expressed in the coordinate space representation. The nuclear matrix elements are obtained by sandwiching the transformed operators between the nuclear wave functions obtained in the coordinate space calculation of the Schrödinger equation.
The essence of MEEFT is to use V ph instead of V EFT . The motivation for developing MEEFT was to obtain reaction rates as accurately as possible within the framework of NEFT. For that purpose, a realistic nuclear wave function is necessary. Unfortunately, V EFT was not as accurate as V ph in describing low-energy NN data. * * ) Therefore, the MEEFT explained above was adopted. Clearly, MEEFT is different from the standard NEFT-based calculational procedure, in which all nuclear operators are derived from a given effective Lagrangian. Although MEEFT has met with some criticism, this hybrid procedure has been phenomenologically successful, as supported by numerical work. Given this situation, it is very desirable to find a formal basis for MEEFT. * * * ) The purpose of this paper is to give a kind of formal foundation to MEEFT by employing our findings in a recent work. 3) Actually, we show that MEEFT is designed to give essentially the same results as proper NEFT.
In order to obtain physical quantities for an electroweak process in a nucleus, we need the nuclear matrix element for the transition. For simplicity, we consider a two-nucleon system in the following. We write a nuclear matrix element evaluated with the proper NEFT in the momentum space as
where O EFT is the nuclear current operator derived from L eff , and Ψ EFT is the nuclear wave function obtained by solving the Schrödinger equation with V EFT . Here, |k represents the free two-nucleon state with relative momentum k. The model space for the nucleon state is specified by the cutoff Λ, which is the maximum allowed magnitude of the relative momentum. Now, let us compare the above with the nuclear matrix element evaluated in MEEFT,
* ) Because the detailed shape of the cutoff function is not important in NEFT, we adopt a sharp cutoff in the following. * * ) See, however, the recent calculation of V EFT by Epelbaum et al. 7) and Entem et al.
8) * * * )
We note that Kubodera has given a good argument for the foundation of MEEFT.
9)
with the projection operator η defined by
In Eq. (2), Ψ ph is the nuclear wave function corresponding to V ph . Although the model space for O EFT is smaller than that for Ψ ph , the momentum components beyond Λ involved in the latter have simply been cut off. In the following, we demonstrate the (approximate) equality of the matrix elements given in Eqs. (1) and (2). This equality implies the equivalence of the proper NEFT and MEEFT in describing electroweak processes. For this purpose, we first recall our recent work, 3) in which the relation between V EFT and V ph is studied. We proposed that V EFT is a parameterization of the modelspace potential (V M ) obtained from V ph by reducing the model space of V ph to an appropriate size for V EFT ; the Wilsonian renormalization group (WRG) equation 10) controls the evolution of the potential due to the model-space reduction. This point of view concerning the relation between V EFT and V ph , which we employ in the following, is the key to understanding the equivalence of the proper NEFT and MEEFT.
The WRG equation is given by
where V (α) is the NN -potential for a given channel (partial wave) α, and M denotes the nucleon mass. In V (α) (k , k; p, Λ), Λ is the cutoff for the relative momentum, p is the on-shell relative momentum (p ≡ √ ME, with E being the kinetic energy of the two nucleons), and k (k ) is the relative momentum before (after) the interaction.
The WRG equation is derived under the condition that the full off-shell T-matrix elements are invariant with respect to changing Λ. This condition for deriving the WRG equation leads to the equation |Ψ M = η|Ψ ph , where Ψ M is the wave function corresponding to V M . Because V M is to be parameterized by V EFT , the relation between Ψ EFT and Ψ ph is given by
Thus, we immediately obtain the relation
This equation expresses the approximate equality of a nuclear transition matrix element evaluated with the proper NEFT (l.h.s.) and that obtained with MEEFT (r.h.s.). We now discuss the accuracy of the approximate equalities in Eqs. (5) practically feasible. We also showed that V EFT yields values of the phase shifts and the deuteron binding energy that are quite close to those given by V M . Furthermore, we confirmed that the deuteron wave function generated by V M is accurately approximated by that obtained with V EFT . Here, we simply compare |Ψ M with |Ψ EFT for the deuteron state in Fig. 1 . It is seen there that the approximate equality expressed in Eq. (5) is indeed quite good. Therefore, we conclude that Eqs. (5) and (6) represent very good approximations. We have thus shown that the proper NEFT and MEEFT are essentially equivalent in describing electroweak processes. Even though this equivalence can be seen clearly when we employ the momentum space representation, as shown above, once the equivalence is established, the choice of the representation is a matter of taste, as we can also employ the coordinate space representation. A nuclear matrix element evaluated with MEEFT in the momentum space [Eq. (2)] can be rewritten as
Because of the presence of the projection operator η, we are able to safely extend the domain of integration to infinity. This is just an ordinary matrix element evaluated in the momentum space, and therefore it is straightforward to express Ψ ph |η O EFT η|Ψ ph using the coordinate space representation through the Fourier transformation. The operator η O EFT η in the coordinate space is generally nonlocal. We have thus shown that the MEEFT calculation in the coordinate space is (approximately) equivalent to the proper NEFT calculation.
Strictly speaking, however, MEEFT calculations carried out previously are not the same as the coordinate space calculation explained above. However, this is due only to the use of a cutoff function in those MEEFT calculations. Allow us to explain this point further. In the above case, k |η O EFT η|k is zero in the cases |k| > Λ and/or |k | > Λ. In the previous MEEFT calculations, by contrast, a cutoff function on the momentum transfer, |k −k|, was used for convenience. However, this choice of the cutoff function is not consistent with the proper way of integrating out the high-momentum states in NEFT. With this cutoff, the model-dependent, highmomentum components of the wave function enter into the nuclear matrix elements. Note, however, that despite this fact, the treatment of low-energy phenomena (lowmomentum components) is the same as that in the proper NEFT. The difference between the two treatments of short-distance phenomena is expected to be largely eliminated by shifting the couplings of the contact interactions involved in O EFT , because the details of short-distance physics are not important for describing lowenergy reactions. This conjecture is supported by the phenomenological success of MEEFT.
Finally, we discuss the advantages of MEEFT. The first advantage is that we can use a high precision phenomenological NN -potential. As stated above, this was the motivation of developing MEEFT, and let us escape from constructing V EFT as accurate as V ph . The second advantage, which is probably more important, is as follows. We consider an electroweak process in which the initial and/or final state is the deuteron state. In this case, we need low-momentum components of the normalized deuteron wave function in the model space. As discussed in Ref. 3) , however, this normalization requires the high-momentum components of the wave function, or equivalently, information about the details of short-distance physics. Such information is not available if one employs the model-space framework of NEFT. Therefore, in that case, it is necessary to rely on a model of the short-distance physics for the normalization. Given this situation, MEEFT is a useful procedure to incorporate such a model into a NEFT-based calculation, because with it, the normalization given by the high precision V ph can be used.
